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CHAPTER 14

An Introduction to the Application of
Interpretive Structural Modeling* |

David W. Malone, Battelle Columbus Laboratories, Columbus, Ohio

Interpretive Structural Modeling is an emerging methodology which appears to be very useful as an aid to individuals and small groups in developing
an understanding of complex situations. This paper presents an introduction to the fundamental concepts and operations of the methodology and
reports on the results of two exercises conducted with a group of graduate students who had minimal mathematical training. The first exercise
involved the structuring of personal values and was intended to acquaint the individuals with the methodology. The second was a group exercise
focusing on barriers to investment in the central city, asubject of substantive interest to the participants. The results of the exercises demonstrate the

utility of the methodology for capturing and communicating individual and group perceptions regarding complex issues.
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I. INTRODUCTION

The term Interpretive Structural Modeling (ISM) is used here to
refer to the systematic application of some elementary notions
of graph theory in such a way that theoretical, conceptual, and
computational leverage is exploited to efficiently construct a
directed graph, or network representation, of the complex pat-
tern of a contextual relationship among a set of elements.

The mathematical foundations of the methodology can be
found in various reference works (e.g., Structural Models: An
Introduction to the Theory of Directed Graphs by Harary and
Cartwright'). The philosophical basis for the development of the
ISM approach has been presented in Reference 2, and the con-
ceptual and analytical details of the ISM process are outlined in
Reference 3. The methodology has beenimplemented ina man/
machine interactive environment in such a way that human
users are responsible for making subjective judgments while
the computer is employed in an unobtrusive manner for book-
keeping and for performing and displaying the results of simple
logical operations. Preliminary versions of the computer pro-

*Viodified version of paper published in Proceedings of the IEEE 63 (3) 397 (March. 1975)
copyright 1975, used by permission of the 1EEE. .
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grams were available in the Fall of 1973, when the first
computer-aided experiments in the use of the methodology
were begun.

This paper reports on two exercises which were conducted in 2
classroom setting with a group of eight graduate students in the
Department of City and Regional Planning at The Ohio State
University. The undergraduate degrees of the students involved
were scattered among economics, geography, political science,
and natural resources. The first exercise involved the structuring
of personal values and was intended to acquaint the individuals
with the methodology. The second was a group exercise focus-
ing on barriers to investment in the central city, a subject of
substantive interest to the participants.

In the following, an introduction to the basic concepts and
operations involved in the ISM technique is followed by a
description of each of the exercises, including the presentation
and discussion of the results.

Il. DIGRAPHS, BINARY MATRICES, AND IN-
TERPRETIVE STRUCTURAL MODELING

The process of Interpretive Structural Modeling is based upon
the one-to-one correspondence between a binary matrix and a
graphical representation of a directed network. The fundamen-
tal concepts of the process are an “element set'’ and a “‘contex-
tal relation.”” The element set is identified within some situa-
tional context, and the contextual relation is selected as a possi-
ble statement of relationship among the elements in a manner
that is contextually significant for the purposes of the enquiry.
{Examples of element sets and relations are given later in this
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section.) The elements correspond to the nodes on a network
mode!, and the presence of the relation between any two ele-
ments is denoted by a directed line (or link) connecting those
two elements (nodes). In the equivalent binary matrix represen-
tation, the elements are the contents of the index set for the rows
and columns of the matrix, and the presence of the relation
directed from Element i to Element j is indicated by placing a 1
in the corresponding intersection of Row i and Column j.

Some basic terminology and mathematical operations will be
introduced now by illustrating the process of developing a
hierarchical restructuring of a given directed graph, or
“digraph.” Consider a system composed of four elements,
§={1, 2,3, 4}, and one relation, R =—, for which the following
digraph has been constructed:

OO

(8) @D

A binary matrix representation of this digraph is .
1234
1 1011
A=2 10110
311001
410010

This matrix is termed the adjacency matrix of D, and is con-
structed by setting a; =1 wherever there is an arc in D directed
from Element s, to Element s;, and by setting a;; =0 elsewhere.

Elements s, is said to be reachable from Element s; if a path can
be traced on D from s; to s;. By convention, an elements; is said
to be reachable from itself by a path of length 0. The reachabiiity
matrix, M, of a digraph is defined as a binary matrix in which the
entries m;; are 1 if Element s; is reachable from Element s;;
otherwise m;;=0. It can be shown that the reachability matrix
can be obtained operationally from the adjacency matrix by
adding the identity matrix and then raising the resulting matrix
to successive powers until no new entries are obtained. That is:

M=A+H"
where n is determined such that
A+D"<A+N <A+ )

Here all mathematical operations are Boolean; hence each
successive powering operation preserves the entries of the pre-
vious power, and matrix equality or inequality can be deter-
mined on the basis of an entry by entry comparison. For the
above example n=2 and the reachability matrix is:

1234
1 1011
m=2 {1111
3 (1011
4 Lot

There is a correspondence between the notion of reachability in '

graph theory and the notion of transitivity in binary relations. If
the relation R used to establish the connectivity in the digraph D
is transitive—that is, aRb and bRc imply that aRc—then the

matrix M represents the transitive closure, Dy, of the'digraph D.
(This interpretation of the reachability matrix is an essential
aspect of the ISM process, which will be elaborated shortly.)

The utility of the reachability matrix is that it can be used to
develop a hierarchical restructuring of the digraph. To do this, a
reachability set, R,, is defined for each element, s; € S, as all of
those elements which are reachable from s, that is, all of those
elements whose columns have an entry of 1 in row i. This
definition is stated mathematically as: Ri={sj » mj =1}, where
‘mij is the entry in the ith row and jth column of M. Further an
antecedent set, A, is defined for each element, s;, as all of those
elements which can reach s;, that is, all of those elements whose
rows have an entry of 1 in column j. Stated mathematically:
a;={s; » my=1}. The intersection of a; and R,, denoted by
AiNRi, consists of all of those elements which are common to
both a; and R;. Those elements, s,, for which a; =a;NR; are not
reachable from any of the remaining elements of S, and hence
can be denoted as bottom level elements.

Continuing with the example, the a;, R;, and their intersections
are given by:

e R; A A;UR;
191,34 1,2,3,411,3,4
211,234 2 2

311,34 1,2,3,4(1.3,4
411,34 1,2,3,411,3,4

Here it can be seen that the single Element 2 is in the bottom
level. By striking from the matrix M the row and column corre-
sponding to Element 2 and repeating the above process, it is
possible to determine the bottom level elements of the reduced
system, which are actually the second level elements of the
original system. This operation is equivalent to simply removing
the Element 2 wherever it appears in the above table; thus by
inspection, it can be seen that the second level of the example
system consists of all the remaining elements: 1, 3, and 4.

This process has rearranged and partitioned the original ele-
mentsetS={1, 2, 3, 4} into hierarchical components: Sy ={2;
1, 3, 4}. (Note that the hierarchical reordering process could
have proceeded from the top down by identifying the elements
for which R,=a; NR;.) The hierarchically reordered digraph,
D, then becomes: '

What has been gained from this process is a partitioning and
rearrangement of the original digraph in such a way that addi-
tional inforr..ation about the system—that is, the presence and
content of levels—is transmitted through the format of the dis-
play. Although the value of this additional information may
appear to be negligible in the case of the above example,
situations will appear later in this paper in which hierarchical
rearrangement greatly enhances the communicability of the
digraph.
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FIGURE 14-1. A Symbolic Digraph of the Process of Extracting a Digraph
From a Situational Context and Then Producing a
Hierarchical Display. Symbols are Defined in the Text.
Arrows Denote the Presence of the Relation: “...is used to
determine...”,

A symbolic digraph summarizing the above process is shown in
Figure 14-1. It should be evident from a review of the previous
discussion that it is possible to bypass the construction of the
initial digraph, D, and construct its equivalent adjacency matrix
directly, continuing then through the process to obtain Dy
Whether to carry out such an exercise beginning with the con-
struction of D or A depends upon the preferences and dearee of
mathematical preparation of the modeler. In either case, for a
large element set and/or a complex pattern of relationships,
extensive and laborious operations cauld be involved. Interpre-
tive Structural Modeling (ISM) was conceived as a procedure for
avoiding as much as possible the necessity for knowing—and
the burden of performing—the related calculations. A further
advantage of removing this computational burden is that the
conceptual utility of structural modeling can then be made
available to mathematically unsophisticated users. The ISM
methodology employs the digital computer for bookkeeping
and performing logical operations in the process of directly
synthesizing a digraph from a specified set of elements and a
relation. Some additional assumptions and related limitations
are required, however, and these will now be elaborated.

Embedding
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FIGURE 14-2. A Symbolic Digraph of the Principal Operations Involved in
the Interpretive Structural Modeling Process. (Symbols and
operations are elaborated in text.)

The procedure outlined above and summarized in Figure 14-1
requires the initial specification of a digraph or its equivalent
binary matrix. The noteworthy contribution of the ISM proce-
dure, illustrated in Figure 14-2, is that it operates without such
an a priori knowledge of the structure. The process is initiated by
specifying an element set and a transitive relational statement.
An “‘embedding’’ operation is then performed, in which advan-
tage is taken of the ability to make transitive inferences within
the reachability matrix to guide the systematic interrogation of
the user with regard to the presence or absence of the relation
between pairs of elements. The user is requested to respond to a
query of the form: “(Is) (element s;) (related to) (element s;)?",
where the verbal constructs appearing in the parentheses are
those appropriate to the particular context, e.g., ‘’‘Does activity
23 precede activity 141", ‘“Does the number of electric cars on
the road affect the number of power plants in an urban area?.” A
digital computer is employed to keep track of the responses
supplied by the user (which are explicit entries to the reachabil-

ity matrix), to provide implicit transitive inferences based upon
previous responses, and to generate an efficient ordering of
subsequent queries.

Following the embedding operation, the resulting reachability
matrix is used to partition the element set according to the
procedure outlined above. After rearranging and partitioning
the reachability matrix to correspond to the hierarchical reor-
dering of the element set, it is then possible (as explained in
detail in Reference 3) to systematically examine ‘‘diagonal ex-
pansions’” of M in order to discover the least number of con-
nections which are required to form an adjacency matrix, A*,
whose transitive closure would be equal to the constructed
reachability matrix. This operation is referred to as ‘‘extracting”’.
(Both partitioning and extracting operations are performed in
the computer, with no intervention required by the user.) The
corresponding minimum-edge digraph, Dy, , provides an effi-
cient, hierarchically ordered display of both the direct responses
and the indirect transitive inferences resulting from the embed-
ding operation. The superscript asterisks are added to A and
D+ in Figure 14-2 to denote that they have been constructed
using the ISM process, and specifically that all redundant links
have been removed from the digraph. Depending uponthe
context of the exercise, however, redundant links may be essen-
tial to convey the full meaning and pattern of the relation. For
this reason, the ISM process provides for a ‘“‘comparison’
operation in which the user examines the result of the math-
emathical operations and heuristics of the process and intro-
duces modifications or corrections to the digraph. And finally,
a ““substitution”” operation consists of the introduction of elabo-
rative text, interpretive symbols, or additional graphical em-
bellishments which will make the final ““interpretive structural
model’’ comprehensible to a wider audience.

ISM is intended for use when it is desired to utilize systematic
and logical thinking to approach a complex issue and then to
communicate the results of that thinking to others. The objective
is to expedite the process of creating a digraph, which can be
converted to a structural model, and then inspected and revised
to capture the user’s best perceptions of the situation. The entire
;rocess has been implemented for use in a man/machine in-
teractive environment in such a manner that the user can con-
centrate on substantive concemns in order to make subjective
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judgements regarding the presence or absence of the relation
between pairs of elements, and the computer is assigned the
task of bookkeeping and routine calculations. The entire ISM
process can be represented graphically as shown in Figure 14-3.
This figure is an interpretive structural mode! of the process of
building interpretive structural models; it has been generated
from Figure 14-2 by substituting simple verbal statements for the
mathematical symbols and by introducing the additional opera-
tions of “’substituting” and ‘’comparing.’”’ Note that Figure 14-3
can be used to describe the process to individuals who have had
little or no mathematical training.

I1l. INDIVIDUAL EXERCISE: ORDERING
PERSONAL VALUES

The first exercise was designed to introduce the students to the
concepts and operations underlying the process. The concep-
tual context was chosen to have a high degree of personal
relevance to the individual students and to involve nontrivial

issues, while not being so extensive as to preclude hand calcula-
tions. The element set chosen was Lasswell’s eight value
categories*, and the relation was taken as *’. . . is more impor-
tantto me than . . ..’ as listed in Figure 14-4. (This may or may
not be a transitive relation, a point which enhances the concep-

tual utility of this exercise, as will be discussed below.) The

Elements (The Eight Lasswell Value Categories):

. Wealth

. Skill

. Enlightenment

Power

. Affection

. Respect

. Well-being !
. Rectitude .

The Relation:

ENOVAEWNS

“(Value i) is more important to me than (value j).”

FIGURE 14-4, The Flements and Relation Employed-in the Individual '

Exercise

Restructuring, Figure 14-1.

Exercise la: A Priori Construction of Digraph and Manual

Exercise 1b: Computer Aided

Student Initial Digraph

Construction of Digraph

Hierarchically Using ISM Process, Figure 14-2,

Restructured Digraph

¢

©0
0600000 ()

ool OO
HOO0O

©0,0.0/0,0,0,0

FIGURE 14-5. Illustrative Examples of Student Responses to Value Structuring Exercise. Element Numbers Correspond 1o the Values
Listed in Figure 14-4. Arrow Denotes the Relation “...is More Important Than...”
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students were asked to individually create an a priori digraph
using these conditions and then to determine the corresponding
hierarchical ordering using the operations summarized in Fig-
ure 14-1. They were then given access to a computerized ver-
sion of the ISM procedure and asked to repeat the exercise
within an environment characterized by Figure 14-3. This sec-
tion will present and discuss the results of these activities.

Results for two of the students are presented in Figure 14-5. The
initial digraphs shown in Column 1 of the figure clearly show
one construction strategy, in which the elements were laid out
in a geometric pattern to aid the manual process of systemati-
cally making the pairwise comparisons. These digraphs appear
very complex, but when they are converted to binary matrices
and subjected to a hierarchical reordering calculation, follow-
ing the procedure outlined in Figure 14-1, considerable sim-
plification results, as shown in Column 2 of Figure 14-5 Inthese
figures two elements neither of which is “more important” than
the other, symbolically shown as (QX__~(D) orequivalently as
GXD . are interpreted asbeing “‘equally important.” (This
convention was established prior to the exercise.) The hierar-
chical digraphs are arranged such that all equally important
elements appear on the same level; elements in the higher levels
are more important than elements in the lower levels.

Sequential elimination was another strategy employed by some
students for constructing the initial digraph. in this strategy the
list of elements was scanned for the most important element or
group of elements, which would then be placed in the highest
level and eliminated from the set; the reduced set would then be
scanned for the next most important elements, and so on. Three
graphs which were constructed in this manner are shown in
Column 1 of Figure 14-6; Column 2 of the same figure presents
the digraphs which were constructed by the same students by
using the computerized 1SM process. Note that for the students
using this construction strategy there was relatively little differ-
ence between the initial and the ISM structures, in contrast with
the previous cases illustrated in Figure 14-5.

This exercise provided an experiential context within which to
discuss several considerations related to the process of interpre-
tive structural modeling. First the comparison between the hand
calculations and the computer-aided operations demonstrated
the considerable computational leverage provided by the ISM
process, both in terms of time required to process the
structure —two to four hours for the manual approach, five to
ten minutes for the ISM approach—and in reduced require-
ments for methodological knowledge —the computer performs
all the necessary computations.

In addition, the exercise provided ‘objective’” data for use in a
general discussion of the concept of ““values,” and the implica-
tions of differences between individual and collective value
hierarchies. The general concept of values has been discussed
in many recent works, including the previously referenced work
by Lasswell*, so no further discussion will be presented here.
The question of the legitimacy of a hierarchy of values appears
to be closely related to the notion of ““transitivity,’” which is
C;entral to the ISM ‘process, and so is worth considering more
Closely.

’”

The relation " ... is more important than ... " is logically
transitive. It is perhaps an open question, however, whether
individual perceptions of this relation are transitive; that is,

although the relation is transitive, individuals may not be! Con-
sider, forexample, the following construct, taken from the initiat
digraph of Student A (Figure 14-5): '

(
OO

This student presumably inserted double arrows wherever he
perceived the pair of values to be equally important. Why then
did he leave out the arrow (relation) directed from value 6 to
value 3? There is clearly a transitively inferred link by virtue of

Student Initial Digraph ISM Digraph

FIGURE 14-6. Further Examples of Student Responses to Value Structuring Exer-
cise. Elements as listed in Figure 14-4. Upper Elements are “'More
Important’”’ Than Lower Elements.
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the path from 6 to 5 to 3. If this student deliberately left out the
link from 6 to 3, thus intending that Value 3 (enlightenment) was
strictly more important to him than Value 6 (respect), then he
was being intransitive. In such a case, the operation of taking a
transitive closure will insert a link from 6 to 3, and the resulting
hierarchical digraph will not portray the original intent of the
student. (Note that there is no intrinsic reason for human beings
to be transitive, but it may be of value to know when they are
and when they aren't.)

The ISM process makes use of the property of transitive infer-
ence to reduce the number of explicit pairwise comparisons
which must be made among the elements, and thus never gives
the user the opportunity to enter an intransitive response. Al-
though the processforces the user initially to produce a logically
consistent, transitive digraph, intransitive substructures may he
introduced through the subsequent “‘correction’’ process,
which allows the user to explicitly insert or delete elements
and/or links. Thus, it is important that users of the ISM process
understand both the value and the implications of the transitiv-
ity assumption.

Having collected a set of individual rankings of a particular
element set, as contained in Figures 14-5 and 14-6, it is of some
interest to consider the possibility of aggregating these rankings
to produce a collective ranking (or hierarchy). One simple way
to do that in this case is to assign weights, w;;, for the ith element
according to its relative position in individual j's hierarchy. By
summing over the individuals, a collective score, Wi, can be
assigned to each element:

e

Wi =2' w.

=t 7
This can then be used to establish relative positions (or “‘ranks"’),
R; in a collective hierarchy. For the seven students who partici-
pated in this exercise, the collective hierarchy of values is
displayed in Figure 14-7. A measure of individual consistency
with this ranking can be obtained by computing an individual
consistency score, |;, as the average difference between the
individual’s ranking and the collective ranking:

=L %[ w;-R,]
=g 5wk,

For the seven participating individuals, the worst consistency
score was an average difference of 1% in the relative positions
along the hierarchy, the best consistency score was %, and the
average was 1'/4. This is a remarkable consistency, and sug-
gests that these students form a fairly homogenous group.

Rank, Ri Element

Score, Wi

7.5 5. Affection 44 (Most Important)
7.5 7. Well-Being - 44

6 8. Rectitude 41

5 6. Respect 39.5

4 3. Enlightenment 37

3 2. Skill 19.5

2 4. Power 14.5

1 1. Wealth 12,5 (Least Important)

FIGURE 14-7. Combined Rank and Scores for the Lasswell Value Categories Based
upon Responses of Seven Craduate Planning Students
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FIGURE 14-8. Relative Significance of Specific Obstacles in Hindering Private
Investment in Different Parts of Central Cities.

Raising the issue of the significance and legitimacy of such a
strategy for generating a collective perception led to a spirited
discussion among the participants. Only one of the students
involved in the exercise seriously questioned the conceptual
legitimacy or wisdom of structuring personal values. In fact, the
possibility that one value may be instrumental to another leads
to some interesting questions regarding the utility of a simple
preference ordering. Further, since the ranking and aggregating
approach used here ignores relative intensity of preferences,
there are some possible theoretical flaws that should be con-
sidered. A full discussion of these points is beyond the scope of
this paper. More sophisticated measuring and aggregating tech-
niques are available, however, and the interested reader is
referred to the psychometric literature, e.g., Reference 5.

IV. GROUP EXERCISE: BARRIERS TO IN-
VESTMENT IN THE CENTRAL CITY

The second exercise was conducted the week after the first and
involved the participation of the full group of eight students in
using the computerized version of the ISM methodology to
collectively create a network representation of the pattern of
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FIGURE 14-9. Interdependence of Obstacles to Investment in the Columbus,

University Planning Students. (Lower level obstacles intensify or

were laken from Reference 6.)

interaction among a set of obstacles to investment in the central
city. The set of obstacles was taken from a comprehensive paper
by Anthony Downs® which served as the substantive back-
ground for the exercise. The primary objectives of the following
discussion are to describe the conditions under which the group
exercise was conducted, to present some statistics regarding the
operation of the process, and to illustrate the type of “‘model”

Ohio, Central Business District; as Perceived by a Group of Ohio State

aggravate higher level obstacles. The list of obstacles and their interpretation

.

that is produced.

The element set used is described in detail in Reference 6.
Figure 14-8 is taken from that paper and summarizes Downs’
perceptions of the relative importance of the various obstacles,
indicated by brief descriptive phrases, in hindering private in-
vestment in various parts of central cities. Note that for any
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colUmn in the figure the symbols denoting degree of importance
disaggregate the element set into a three level hierarchy of the
sort constructed in the previous exercise. The purpose of the
exercise conducted by the students, then, was to extend Downs’
exercise by investigating the pattern of causal interaction
among these elements. For this purpose, the relation was taken
as ‘' ... aggravates or intensifies. . .. "’

In conducting a group ISM exercise it is necessary to expend
some effort in establishing a common or shared perspective
with regard to the conceptual context. For this exercise, the
perspective was established partly by having all participants
read and study Reference 6. Further, the exercise was begun by
conducting a group discussion to establish consensus state-
ments concerning the objectives of the exercise. This discussion
led to the following set of statements:

Theme: To investigate obstacles to capital investme: .

in downtown areas.

Focus: To study the interdependence among obstacles -

to investment in commercial development in
downtown Columbus, Ohio

Perspective: To attempt to describe conditions as they exist
today, according to the shared perceptions of a
group of graduate students in city and regional
planning.

During this discussion it was further decided to delete three
elements from the list as not being pertinent to the focus on
downtown Columbus.

A computer-assisted 1SM exercise was then conducted on the
remaining twenty-two elements. Queries appeared on an in-
teractive computer terminal in the form:

““High crime rates and insecurity

aggravate or intensify

Vandalism [
Group discussion was then conducted in order to seek consen-
sus on whether to respond ‘‘yes”’ (an entry of a 1 in the reacha
bility matrix) or “‘no” (an entry of 0). If it was not possible to
reach consensus by discussion, a vote was taken. In order to
complete the entire structure, it took approximately two and a
half hours to respondto 192 such queries out of a possible total
of 462 (22 x21) if all possible pairwise comparisons had been
made. The logic of the ISM process thus produced 270 entries
by transitive inference. The structure produced by this initial
pass through the ISM process is shown in Figure 14-9.

It is beyond the scope of this paper to present a detailed discus-
sion of the substantive concerns of this exercise or to make a

“detailed evatuation of the structural model which resulted. Al-

though such discussion and evaluation were an essential part of
the original exercise, time and procedural limitations preciuded
extensive modifications and corrections to the model of Figure
14-9.

In evaluating their experience in participating in this exercise,
the students’ views were mixed. In general, they were not
satisfied that the mode! of Figure 14-9 was either a true represen-
tation of reality, or of the perceptions of the group as a collec-
tive. They were in agreement, however, that the exercise had
been a worthwile learning experience, for both the individual
participants and the group. Had the exercise been conducted
within the context of an ongoing project, the shared experience
would have been invaluable in supporting future interactions
among the participants.

V. CONCLUSIONS

Interpretive Structural Modeling is a context free technique.
Like other such mathematical methodologies it cannot be
evaluated independently, but rather only with regard to its
utility in specific application contexts. ISM is seen as a useful
tool for those who wish to exercise careful, logical thinking in
approaching complex issues, and then to communicate the
results of that thinking to others. The exercises described in this
paper were designed to present and illustrate the utility and
limitations of fundamental concepts inherent in the methodol-

ogy. It is hoped that experiences such as this will encourage the *

participants to experiment with the application of the
methodology within more specific substantive or process
frameworks. Applications which have been completed at the
time of this writing include: the modularization of a large
econometric model?, program planning and modeling for pub-
lic and societal systems?®, and a systematic approach to human
settlement planning?. Versions of these studies constitute chap-
tefs 19, 15 and 18 respectively. Documented computer pro-
grams implementing the methodology became genérally avail-
able late in 1974, and further experiments and applications are
underway. :
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