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Abstract

It is shown that a Hopfield neural network (with linear transfer functions) augmented
by an additional feedforward layer can be used to compute the Moore-Penrose Gener-
alized Inverse of a matrix. The resultant augmented linear Hopfield network can be
used to solve an arbitrary set of linear equations or, alternatively, to solve a con-
strained least squares optimization problem. Applications in signal processing and
robotics are considered. In the former case the augmented linear Hopfield network is
used to estimate the “structured noise” component of a signal and adjust the parame-
ters of an appropriate filter on-line, and in the latter case it is used to implement an
on-line solution to the inverse kinematics problem via a Jacobi algorithm.

1 Introduction

The transfer functions of the computing elements in the class of neural networks called

Hopfield Nets have traditionally been non-linear (step and sigmoid types) [8][9][10][11]. More
recently, the non-linear transfer function has been replaced by a linear one, and the resulting Lin-
ear Hopfield Network used as the basis for solving certain least squares optimization problems

[12][16][18]. The purpose of the present paper is to generalize the class of least squares optimiza-
tion problems to which the Hopfield network can be applied, and, in particular, to demonstrate the
applicability of these networks in constrained least-squares optimization problems. The key
result is the demonstration that a Linear Hopfield Network (LHN) augmented with a pre- or post-
feedforward layer can be configured to solve the constituent equations for such problems. More
generally, such a network can be configured to solve an arbitrary set of linear equations with
either real or complex coefficients [6][16][17][23]. In the present context the LHN can be consid-
ered an ‘equation solver’ (in contrast to an autoassociator), capable of solving systems of linear
equations of the form Ax = b. The LHN employs an iterative process whose convergence to the
equilibrium vector x, implicitly inverts the square, positive-definite (and therefore invertible) sys-
tem matrix A. The augmented LHN demonstrated herein implements a capability for dealing with
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non-square and non-invertible A. If 4 is known to have full column rank, the “left inverse” of 4 is
implemented; if 4 is known to have full row rank, its “right inverse” is implemented. Moreover,
even with no a priori information about the rank of A4, the Moore-Penrose generalized inverse (a
“best” least-squares optimization procedure) can be implemented via the LHN. Each of these is
accomplished by adding a feedforward layer either before or after the LHN.

Constrained optimization problems abound in the world of applications, and two areas to
which the above has been applied are described, namely, a filtering problem and an inverse kine-

matics problem. These are discussed in Sections 3 and 4 respectively. The problem context for
each is developed, and in particular, the constrained optimization aspects of the problems are
defined, and the procedure for using LHNs to solve them are given. We provide an overview of
the two application examples in the remainder of the present section.

1.1 Optimal Filtering

For the optimal filtering application, refer to Figure 1. The input to the filter at time £,
X, , comprises an information-bearing component (the “signal”), X, , and a structured noise com-

ponent, X . . The latter is assumed to represent contaminating phenomena which can be modeled
by a “low” order autoregressive formula (FIR model) [7].
m
Xue = Y aX, (k—1i)
i=1

Depending on the application, the signal and autoregressive coefficients may be either real or
complex.

—pp-| Linear
Hopfield [~ "™, FIR Coefficients

FIR Structured | }}n
Noise Estimator k

Xk= Xsk + Xnk _>. X

Figure 1. Neural-network based adaptive filter to extract signal in context
of structured noise.

The problem is to perform an on-line estimate of the noise-process coefficients a;, and
feed them to a FIR filter which uses these coefficients to estimate the structured noise at time %.
The resulting estimate X« is then subtracted from the input X; to (hopefully) yield a good esti-

mate of the signal X, at time k. An implementation using an (un-augmented) LHN to perform

this task was reported in [18]. Unfortunately, while the approach yielded an excellent predictor of
the structured-noise component, it often also contained a good prediction of the signal as well. So

after the subtraction indicated in Figure 1 took place, there was not a significant improvement in
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the signal-to-noise ratio. In the present paper we report an improved signal-to-noise ratio via
using an augmented LHN. We formulate the problem to be solved with a constraint that the filter

“ignore” certain known characteristics of the signal component [14]. This formulation leads to a
non-positive-definite matrix to be inverted, hence the need for an augmented LHN. This hybrid
neural network implements an algorithm which is guaranteed to yield the best (in the minimum-
norm sense) least-squares solution for the set of autoregressive coefficients which optimally
model the structured noise subject to the constraint: “ignore the signal”. This approach yields a
filter with improved signal-to-noise ratio and real-time adaptation to changing noise conditions.

1.2 Inverse Kinematics

For the inverse kinematics application, refer to the diagram of Figure 2. Robot manipu-
lators are usually required to track a prescribed end-effector trajectory. However, while the end-

effector trajectory is typically given in Cartesian coordinates x = [x;, x,, x3]T , the control sys-
tem operates on the joint angles, ® = [6,,6,, 63]T , and therefore, a corresponding trajectory in
®-space must be computed. The two spaces are related by the coordinate transformation illus-
trated in Figure 2 via a set of nonlinear equations x(f) = fO(f)), where fis defined by the forward
kinematics of the robot manipulator [S].

~ end effector

X

Figure 2. Coordinate systems for a robot manipulator with 3 joint angles.

If the O(Y) trajectory were given, the forward computation of x(t) would be a straightfor-
ward task; the inverse process of determining ©(f) from a given x(f), however, is substantially
more difficult (known as the inverse kinematics problem). Moreover, when the robot has more
than three degrees of freedom (joint angles), the equations are typically underdetermined and one
must choose a trajectory in ®-space which is, in some sense, optimal among all possible solu-
tions. A Jacobi technique is employed to set up a constrained linear optimization formulation of
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the problem, and an augmented LHN is used to obtain the best (in the minimum-norm sense)
least-squares solution for the set of joint angles for each step along the end-effector trajectory.

In the following section we review the required linear Hopfield concepts and formulate
the augmented linear Hopfield networks required to solve the above described constrained opti-
mization problems. Applications of this theory to the filtering and inverse kinematics problems

are presented in Section 3 and Section 4, followed by our conclusions and an Appendix summa-
rizing the various types of Hopfield networks and the role of the /inear Hopfield network within
that theory.

2 Linear Hopfield Networks

The Hopfield network, originally introduced in 1982 [8], is possibly the best known exam-

ple of a recurrent neural network and is typically employed in one of two modes [15]: 1) to solve
optimization problems (e.g., the well-known “traveling salesman” problem), or 2) as an autoasso-
ciator, more often in the latter mode. Although the concept was originally introduced as a contin-
uous-time discrete-state system implemented by an analog electronic circuit, Hopfield and others
extended the concept to include various combinations of continuous-state, discrete-state, continu-

ous-time, and discrete-time systems [9][10][11]. More recently, it was observed that if one
replaced the classical “squashing” transfer function with a linear transfer function, the resulting
linear Hopfield network could be used to solve a least squares optimization problem -- all one
need do is define a linear Hopfield network whose “energy function” is identical to the least

squares performance measure one desires to minimize [6][12][16][17]. Unlike the classical
Hopfield network with its “squashing” transfer function, in the linear case the values of the neu-
ron states are not guaranteed to lie in a compact set and, therefore, an alternative stability theory is
required. A summary of the various configurations of the Hopfield network appears in the Appen-
dix, along with the corresponding stability and convergence conditions.

u X neuron 1
U - X u
i X;
Us > X WX
L W%
WisX3
<

Figure 3. Topology of Hopfield networks, here with 3 neurons as an example.
Linear transfer functions of its neurons characterize the linear Hopfield network.
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The Linear Hopfield Network (LHN) is a single-layer, recurrent neural network whose

neural elements have linear transfer functions (Figure 3). The outputs of the n elements comprise
a state vector x of dimension n, their connections are defined by a synaptic weight matrix W of
dimension (» x n), and the external input a vector u, of dimension n. Each of x, W and # may be
complex. For the purpose of the present paper we work with a continuous-state discrete-time lin-
ear Hopfield network defined by the (synchronous) update equation

X, = Wx, +u, (1)

where the subscript £ is an iteration designator. This network will be convergent if the spectral
radius of its weight matrix, p(W), is less than 1 (the eigenvalues of W lie within the unit circle of
the complex plane).

In this paper we are interested in applying LHNSs to solving equations of the form
Ax = b. (2)

Developing an LHN to solve such equations requires constructing the LHN’s weight
matrix W in an appropriate manner to capture the information represented by A. Wang and Li

recently showed how Eq. (2) can be solved with full rank of A, using a continuous-time, continu-

ous-state LHN [23]. In the following we show how to extend this to an arbitrary A, computing its
generalized inverse and implementing the process with a discrete-time, continuous-state LHN.

2.1 Construction of LHN weight matrix W corresponding to system
matrix A

We start by rewriting Eq. (2) as follows:
-Ax+b =0, (3)
and with the motivation of using a LHN to solve it, we craft a (tentative) update rule of the form:
X, = X +to(-Ax, +b) (4)

where a is further crafted to ensure convergence of Eq. (4) (see below). In the limit as k increases
(assuming convergence), x, ., ; = X,,50 (-Ax, +b) = 0,i.e, the solution being sought.

We rearrange Eq. (4) to
Xp,1= (I-0A)x, +ab, (5)

which has the form of the LHN definition in Eq. (1) with W = (1 - alA). In order for the LHN to

successfully solve Eq. (5), the term in brackets must satisfy the previously mentioned require-
ments on W. This in turn puts requirements on A (and on o) and if these requirements are not met,
then suitable adjustments in problem formulation are required. We next consider a sequence of
assumed attributes of A, starting with the classical case of a symmetric positive definite A and
ending with an arbitrary rectangular A, describing the corresponding formulation adjustments

needed to solve Eq. (2) via an LHN.
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2.1.1 Assumption: A4 is square, hermitian and positive definite (invertible)

A square, symmetric (hermitian in the complex case) and positive definite (invertible) 4
has positive real roots only, and thus clearly the spectral radius p(I-a4) will be less than 1 if we
choose a such that

0<a<2/p(A) . (6)

With such a choice, the term in brackets in Eq. (5) will satisfy the requirements on W in Eq. (2).
Since p (A) <||All (for any norm), we could replace p(4) by ||Al| to yield the following bound

fora: 0 <a <2/||All . A particularly useful norm in this case is trace(A), since it is easier to cal-
culate than determining the eigenvalues of A needed for p(4). We therefore use the bound
0 <a <2/trace (A) in the remainder of the paper. Of course, a similar argument can be applied
to the negative definite case.

Thus if A of Eq. (2) has the above properties and if o is selected via Eq. (6), then an LHN
with weight matrix W and input vector u,
W= ({U-04A), u = ab, (7)

will converge to (the unique) solution of Eq. (2). There is motivation to select a close to the upper
limit, as this will speed convergence. A diagram for implementation of this network is shown in

Figure 4.

Figure 4. Implementation of a linear Hopfield network to solve Ax=b for
invertible, positive definite 4. The weight matrix is W = I — oA, the input
vectorisu = ob.

2.1.2 Assumption: A is square and invertible (but not necessarily hermitian or posi-
tive definite)

Since A is not (necessarily) positive definite, convergence of Eq. (5) cannot be guaranteed
by the above criteria. We invoke an algebraic fact that 4 is invertible if and only if A'Ais positive
definite hermitian, and thereby set up a formalism where A*4 is to be inverted instead of A itself.

. -1 L .
The equality A ~ = (A"A) A" isused. (Throughout this paper, A" represents the complex-con-
jugate transpose of A.)
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Since A is invertible, we may write the solution of Eq. (2) directly as
-1
x=Ab=@4A4) Ab . )

Let B = A" andd = A™b, then Eq. (8) becomes .
x=Bd, 9)
or, alternatively, — Bx +d = 0, where B is hermitian, positive definite. Proceeding as we did
from Eq. (3) to Eq. (5), we get an equivalent equation
X,,1 = (I-aB)x, +ad, (10)

and a LHN with weight matrix W = (I —aB) and 0<a<2/trace(B) will converge to the desired

solution. Note that this is essentially the same process given in [23], except that a discrete-time
implementation is used.

Eq. (10) provides a reference frame for reinterpreting the original problem of Eq. (2) for
implementation via an LHN. The LHN has a weight matrix

W =I-oaB=1I-aAA, (11)

hop

with 0<oc<2/trace(A*A). Above we provided ab as the input vector to the LHN, now we must

provide the vector ad, i.e., we must first perform the transformation d = A b. This is easily
accomplished with a one-layer feedforward neural network whose inputs are the vector b, and

whose weight matrix is A*. We also include the scale factor o into this feedforward layer (ff)
obtaining the weight matrix

%

W = oA (12)

A neural network that implements Eq. (10) comprises two stages:

Stage I: A feedforward layer with input vector b and weight matrix W, = ad” .

Stage 2: A linear Hopfield layer with weight matrix W, op‘ =I-aAA , whose

input vector is the output of the feedforward layer in Stage 1.
The structure of this augmented linear Hopfield network is shown in Figure 5a.

2.1.3 Assumption: A is rectangular (n x m) with full column rank (m)

For this class of system matrices, we appeal to the theory of generalized inverses [19]. It
is known that for rectangular A with full column rank, then A® A of dimension (m x m) exits, its

: . ) . -1 - . —
inverse exists, and there exists a matrix A, = (A" A) 'A* which multiplies A on the left to
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yield I, (an identity matrix of dimension m), and is called the left inverse of 4. (This is equiva-
lent to the equalities we invoked under Assumption 2.1.2 for a square matrix.)

Since a left inverse for A exists, we can write a solution of Eq. (2), if it exists, as:
x=ATb = @A) AD (13)
As we did in Assumption 2.1.2 above, with B = A"A andd = A"b Eq. (13) becomes
x=B'd (14)

or, alternatively, — Bx +d = 0, where B is hermitian and positive definite.

Proceeding as above (except in this case care is taken to keep track of the m and n dimen-
sions) we obtain

Xp1 = Uy —aA'A)x +ad’D, (15)

where 0<o<2/trace( A*A). A neural network that implements Eq. (15) comprises two stages:

Stage 1. A feedforward layer with input vector b and weight matrix W, = ad” .

Stage 2: A linear Hopfield layer with weight matrix Wiop = 1= aA A whose
inputs are the outputs of the feedforward layer in Stage 1.
The structure of this augmented linear Hopfield network is (also) shown in Figure 5a.

2.1.4 Assumption: A is rectangular (n x m) with full row rank (n)

We again appeal to the theory of generalized inverses [19], and note that for rectangular A with
full row rank, then AA* of dimension (n x n) exits, its inverse exists, and there exists a matrix

A; = A* (AA* )*1 which multiplies 4 on the right to yield I _, and is called the right inverse of
A (I, is the identity matrix of dimension n).

: . -1 . .
Since the object A exits, we can write

- * .
¥ = Ab = A (A4 "D | (16)
Moreover, since x is in the range of A* and A" has full column rank (since A has full row rank)

there exists a unique x’ such that x = A'x Letting B = A" Eq. (16) may then be
expressed as

x =B b, (17)

or, alternatively, —Bx' + b = 0, with B hermitian, positive definite. The counterpart of Eq. (15)
for the present case is
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¥, =X, +a(-Bx, +b) = (I, ~add ) +ab . (18)

An LHN with weight matrix W, op = I, - aAA” and 0<o<2/trace( A A*) will solve this
equation, yielding the vector x’. Then, to obtain our desired vector x, we implement the transfor-
mation x = A x' with a feedforward layer whose weight matrix is od” (this also captures the

scaling factor o which multiplies the input). A neural network that accomplishes this again com-
prises two stages:

Stage I: A linear Hopfield layer with input b and with weight matrix

W

hop = I - aAA” , yielding output x’.

Stage 2. A feedforward layer with x” as its inputs and weight matrix W = oA ,

yielding output x.
The structure of this augmented linear Hopfield network is shown in Figure 5b.

Note that after Eq. (18), we could have taken a slightly different path. Namely, with
X, = A* x,', we could multiply Eq. (18) by A", which with appropriate algebra, will yield
%1 = Up—aA'A)x, +ad b (19)

This is identical to Eq. (15), and hence can also be implemented via the augmented LHN format
shown in Figure Sa. Alternatively, in the development of Eq. (15), we could have made slightly

different algebraic choices that would have led to Eq. (18). These considerations lead to the next,
more general case which subsumes all previous cases.

a) b)

Figure 5. a) Linear Hopfield network (weight matrix Whop), augmented

on left with a feedforward layer (weight matrix W_.). b) Linear Hopfield
network, augmented on right with a feedforward layer.
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2.1.5 Assumption: A is rectangular (n x m), no assumptions on rank (includes: rank <
min(n,m))

In the general case, A is a rectangular matrix of dimension (» x m) and there is no a priori
information available about its rank. A generalized inverse of A is an (m x n) matrix G such that

x = Gb is asolution of Ax = b for any b which makes the equation consistent. A variety of dif-
ferent generalized inverses have been defined [19]. We limit our discussion to the so-calied

Moore-Penrose inverse A'. This generalized inverse is distinguished in that it provides the
unique minimum-norm x which minimizes the error between Ax and b in a least square sense. The

Moore-Penrose inverse (MP inverse) satisfies the following four properties [19]:
AATA = A, AT AAY = AY | AAT = (AA") and 474 = (4'A)T .

Under appropriate conditions (Assumption 2.1.1 to Assumption 2.1.4) the MP inverse reduces to
the (special) inverses given above.

The following is extracted from a theorem and corollary in [19], pp. 62-63:

2
Let O0<a< pE where ¢ = max ((eigenvalue of A*A )?) . Then the following
equalities hold, with convergence assured:

A =a (U -ad'Af A (20)
k=0

A = oY A (I -0Ad") | 21)
k=0

where I, is an identity matrix of dimension m, and I_ is an identity matrix of dimension 7. The
above provides a basis for constructing a LHN to compute the generalized inverse of A.

For arbitrary initial condition x, Eq. (1) expands to:
x, = Wx,+u

X, = Wx1+u = W2x0+Wu+u
' k-1 .
x = ka0+ .ZOWJu
J=

In the limit, as k — oo, the LHN with fixed input # implements the matrix operation

w .
2wl lu, (22)
j=0
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(which is independent of x,,, since the initial condition term drops out due to the convergence
conditions on W). Thus, for rectangular A with arbitrary rank, the best approximate solution of

Eq. (2) in a least square sense can be formulated as

s k s k
x=A'b = a Y AL AL )b =a ) (,-adA)AD, (23)
k=0 k=0

We use Eq. (22) to construct hybrid neural networks for the two iterative solution processes

defined by Eq. (23). The two implementations have the structures shown in Figure 5 and comprise
a linear Hopfield layer and a feedforward layer.

A neural-network solution of the right-most expression in Eq. (23) will implement

x = Mb', (24)

where a pre-processing feedforward layer implements the transformation ' = aA*b , which is
the input to a linear Hopfield layer that implements the iterative process

M= W= (,-adA).
k=0 k=0

Of course, in an application the process would be stopped after a finite number of iterations,
according to some convergence criterion. The implementation of Eq. (24) has a structure identical
to the one developed in Figure 5a.

A neural-network solution of the middle expression in Eq. (23) will implement

*

x =0A X (25)

2

where a linear Hopfield layer computes x' = N'b by implementing the iterative process
[e) s k
N=>w=}% (I, —aAA”)
k=0 k=0

The Hopfield component operates on the input b, yielding the x” as its output. Again, the iteration
process would be stopped according to some convergence criterion. A post-processing feedfor-

ward layer computes the network output x using the transformation x = ad x' . (Note that x’
has dimension », whereas x has dimension m). The implementation of Eq. (25) has a structure
identical to the one developed in Figure 5b.
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2.2 General observations

The class of A matrices considered under Assumption 2.1.1 commonly arises in the solu-

tion of least squares optimization problems, such as that reported in [12]. This class of matrices
requires the lowest computational load, as there are no additional matrix multiplications required

(e.g., the A" A calculation for the LHN weight matrix) nor are additional transformations needed
(e.g., the feedforward layer). Thus there is incentive to formulate problems in such a way that this

class of system matrices emerge. In this case a solution to Eq. (2) exists and it is unique, so there
is no issue of choosing a “best” answer.

In cases where the system matrix A has properties discussed under Assumption 2.1.2 to

Assumption 2.1.5, however, a unique solution may not exist. In this context, the Moore-Penrose
(MP) generalized inverse represents a remarkable theory. The process involved in the MP gener-
alized inverse is essentially one of double optimization: first, if an exact solution does not exist,
then it finds those that are best approximate solutions in the least-squares sense, and second, it
then selects the best solution in the minimum-norm sense from among the first set generated. The
MP generalized inverse of a matrix always exists and is unique.

It can be shown that each of the inverses considered under Assumption 2.1.2 to Assump-

tion 2.1.5 are specializations of the MP inverse [19]. Accordingly, since the MP inverse yields a
“best-best” approximation to a solution in the general case, then so must the special inverses yield
a “best” for their respective cases. As a metaphor, we might say that in the case of the right
inverse, there is only one least-squares solution, so there is nothing for the second optimization to
do. In the case of the left inverse, one particular solution is being hypothesized and tested, so there
is nothing for the first optimization to do.

The MP inverse equations, Eq. (20) and Eq. (21), tell us that the MP inverse may be calcu-
lated in two distinct ways. Accordingly, this must be true also for each of the special cases. In the
present context, the two computational methods are represented by the two augmented LHNs: one
with a feedforward layer to the left of the LHN, and one with a feedforward layer to the right of

the LHN. We showed the equivalence during our development of the right inverse in Assumption
2.1.4 above.

We note that while the two LHN configurations yield the same solution, distinctions
between the two could be made based on computational considerations. For a matrix A of dimen-

sion (n x m), in the configuration using a pre-feedforward layer (Figure 5a), the dimension of the

LHN layer is n, and in the configuration using a post-feedforward layer (Figure 5b), the dimen-
sion of the LHN is m. Since the most significant computations occur in the LHN, there is motiva-
tion to reduce its dimension, and thus select the right or left implementation according to whether
n > m or m > n. (Since the LHN is capable of parallel implementation, if so implemented, time
would not be a consideration, instead an allocation of resources issue.)

Finally, we note that though it is not likely, if it were possible to gain a priori knowledge
of the rank of an (n x m) matrix, where the rank(4) < min(n,m), then in principle it would be pos-
sible to set up a representation with a LHN whose dimension is the (assumed known) rank and
augment this with both a pre-feedforward and post-feedforward layer to calculate a solution. As in
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the previous paragraph, the motivation would be one of computational resources and/or time.
Since such a priori knowledge is not likely in application, it won’t be pursued further here.

An organization of the results in Section 2.1 is contained in Table 1 for easy reference. The
entries are the recommended version of the augmented LHN structure determined by a priori
information about the rank of 4, whose dimension is (# x m). The criterion for each entry is a
computational one, and is to assign min(n,m) to the LHN (and hence max(n,m) to the feedforward
layer). We note that with no a priori information about rank of A, either augmented LHN may be
used.

Table 1: Appropriate Neural Network Configuration to Use According to Matrix Rank
[ff=feedforward layer]

A square A rectangular A rectangular A rectangular
Positive Rank Rank Rank
Definite Full Row (n) | Full Column (m) <min (n, m)
ffis on LEFT of \V Vifn<m
Hopfield
ff is on RIGHT of \V Vitn>m
Hopfield
Hopfield only \V/

3 Optimal Filtering Application

Our first example for application of the above ideas is a filtering problem, as indicated ear-
lier in Figure 1. Recall that X, represents the input to the filter at time &, comprising an informa-
tion-bearing component (the “signal”), X, , and a structured noise component, X, . The latter is
assumed to represent contaminating phenomena which can be modeled by an autoregressive for-
mula (FIR filter) [7],

m
Xnk = Z aan(k—i) ) k>m+1. (26)

i=1
Depending on the application, the signal and autoregressive coefficients may be real or complex.

An adaptive filter of the above form has been developed for a tracking context [14] to dis-
tinguish targets from background and noise (the combination is here called structured noise). For

this context the sequence X, is complex, containing both in-phase and quadrature components,
X, =1,+i-Q,, and the a; of Eq. (26) are arbitrary complex coefficients. In the earlier work

[18], the a; coefficients were selected based only on information about the structured noise, with-
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out taking into account any a-priori information that might be known about the signals represent-
ing the targets being tracked. Improvements to that design [7] take the next step of incorporating
such a priori knowledge, via use of Lagrange Multiplier methods. This yields a constrained opti-
mization formulation, and the augmented LHN described in the previous section is used to imple-
ment its solution.

Returning to a narrative of the problem, the task is to perform an on-line estimate of the

noise-process coefficients a = [a,,a,,...,a m]T that is optimal in some sense (see Eq. (27)
below), and provide them to the FIR filter which uses these coefficients to estimate the structured

noise at time &. The resulting estimate X, is then subtracted from the input X, to (hopefully)

yield a good estimate of the signal X, at time k. We formulate the problem to be solved with a
constraint that the filter “ignore” certain known characteristics of the signal component. This for-
mulation leads to a non-positive-definite matrix to be inverted, hence the need for an augmented
LHN (as described in the previous section). This hybrid neural network implements a constrained
least squares algorithm to obtain a set of autoregressive coefficients a which continues to opti-
mally model the structured noise, under the constraint: “ignore the signal”. This approach yields a
filter with improved signal-to-noise ratio and real-time adaptation to changing noise conditions.

3.1 The Unconstrained Problem

It is desired to determine the coefficients a for Eq. (26) that optimally model the data,
based on minimizing

2

1 M 2 1 M m
J(a) = 2 Z “Xk_Xk” =2 Z X, - Z a.Xy ; (27)
k=m+1 k=m+1 i=1
over all possible complex coefficient vectors a = [ay,a,, ..., am]T .

As usual, the minimization process proceeds by taking derivatives with respect to the a,.
We start by expanding Eq. (27):

J(a) = Z(X X0 (X, - Xk) 2 Z Xkbiaika' X - ZaX}i‘_j

k m+1 k=m+1 i=1 j=1
and after (substantial) algebraic manipulation,

1 M M . 1m M
J(a) =3 %f X —2Za > XX ) 324 X I(X:ch—j)

j=1 k=m+1 j=1 k=m+

1 *
+3 2 a,4; 2 (Xk—iX:—j)
Lj=1 k=m+1
Next, define
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M M (28)
U= X ) wmd = X0 X
k=m+1 k=m+1
yielding
J(a) =5 > XX - > RelgU] -3 > a4 T (29)
k=m+1 =1 hj=1

We take derivatives of Eq. (29) with respect to the real and imaginary parts of the a,, sepa-

rately. The first term of Eq. (29) drops out; the second term is easily evaluated to -Re[U,]; the
third term is more tedious in that four cases of i,j vs. p must be considered. The result for the third

term, making use of a substitution valid for the T matrix defined earlier: T; = T,

i jir 18

m
- Re[T l.pal.] . Thus we obtain

i=1

oJ m

3Relal [ap] = —| Re [Up] + iZIRe [Tipai] s p=12..m (30)
Similarly for the imaginary part,

oJ m

olm [a,] = - ~Im[U] +izllm[Tipai] , p=L12...,m. (31)

The negative sign is kept outside the bracket to indicate the negative direction of the gradient.

Using the now “classical” approach by Hopfield [8][9]1[10][11][22], one could proceed

and define update equations from Eq. (30) and Eq. (31) for a Hopfield net consisting of 2m nodes:
m for the real terms, and another m for the imaginary terms,

m
ARela)] = a|Re[U,] + -ZlRe[Tipai] , p=12..,m (32)
i=
and
m
Alm[a,] =B -Im [U,] + > Im[Tl.pal.] , p=12..m (33)

i=

where o and B are appropriately “small” update coefficients.
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In spite of the more complex derivation, the update formulae for the modified complex
Hopfield network is essentially identical to the real case. The complex case differs in that only the
real part of the excitation applied to a,, is used to update Re[a,], and only the imaginary part (with

a sign change) is used to update /m[a,]. If we view a, = Re [ap] + jIm [ap] as a single complex

update equation, and if we let o = J, then we obtain

Aa, =o|U,+ D T

il P=L2..m (34)

i=1

which has the same form as the classical Hopfield update formula [9][10], with the addition of the
complex conjugate in Eq. (34) and in the definitions of Up and Tip (Eq. (28)).

Since (by the way it was defined) the matrix T is hermitian (i.e., equal to its complex con-
jugate transpose) J is a well defined “energy” function on its complex domain which is bounded

below. As such, since ARe [ap] and Alm [a p] are defined to always reduce the value of J, the
iterative process defined for our complex Hopfield network is guaranteed to converge.
Instead of following the “classical” approach after Eq. (31), we could proceed via the

method suggested in the previous section in which a Linear Hopfield Network (LHN) is used to
solve the (unconstrained, so far) equations of this subsection. Analytically, the next step would

be to set Eq. (30) and Eq. (31) to 0. Equivalently, we could think in terms of setting the term in
brackets in Eq. (34)t0 0, i.e,,

U;+ZT. a.=0, p=12..,m (35)

or, using vector notation,
U'+Ta =0 (36)

where T is square, (m x m), hermitian, and positive definite. We are only a minus sign away from
an equation of the form given in Eq. (3) and, as such, the linear Hopfield network described in
Section 2.1.1 can be used to compute the AR coefficients required for our filter.

3.2 The Constrained Problem

While the above approach yielded an excellent predictor for the structured noise when
applied in the tracking context [18], it often also contained a good prediction of the signal as well.

Thus after the subtraction indicated in Figure 1 took place, there was not significant improvement
in the signal-to-noise ratio.
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In effect, by choosing the @ vector in the minimization process without information about
the expected signal, a filter is obtained which optimally predicts the structured noise but is oblivi-
ous to the signal. Indeed, without use of a priori information about the signal, the manner in
which the resulting predictor deals with the signal is not at all under control; it may ignore it or
predict it perfectly.

To address this problem, a constraint is added to the process which, in effect, says “pre-
dict the structured noise as well as possible, being mindful of what is known about the expected
signal(s).” To this end, it is here assumed that the signal from a target has constant magnitude,
and a phase that has a constant rate of change over the extent of the target. This (assumed) a pri-
ori information is captured in the model

a+ibk
Xsk = ce .

Although not precisely true, the constant (“dc”) value of the magnitude (c in the above equation)
and the linear (affine) component of the phase typically dominate the return from a target. More-
over, as a first approximation, it is reasonable to assume that the phase is constant over the rela-
tively short m-sample interval seen by the filter (i.e., b is “small enough”), in which case the
signal representing the target may be approximated by

)¢

k= ce’ = C.
Accordingly, a pure signal from a target would yield:
m m m
28X, 4-y = 2aC=C3 a.
i=1 i=1 i=1

This is the a priori information to be used in the sequel. Based on this information, we select the
a vector to have the additional property

dYa=0. (37)

Indeed, with this constraint on the q;, the structured-noise predictor will ignore the signal part of
the incoming sequence. Thus, we reformulate the problem as follows: minimize Eq. (27) subject
to the constraint that Eq. (37) holds.

With the aid of the Lagrange Multiplier theorem, this constrained optimization problem
can be converted into an equivalent unconstrained optimization that minimizes

J(a) + xi a, (38)

j=1
over all @ and .

Before proceeding with the development, we note that a side effect of these constraints is
that the resulting filter would ignore the dc component of the structured noise as well as that of the
signal. To accommodate this potential difficulty, the dc component of the structured noise is sub-
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tracted off before computing coefficients for the filter and is then added back into the output of the
prediction model. To accomplish this, the data used for developing the predictor coefficients is

generated via:
M

X = X —X, 4., Where X, =5 Z Xk

and X, is a sequence containing structured-noise data only. In effect, the dc component of the

structured noise is included in the predictor via analytical means, thereby eliminating the conflict
between minimizing J(a) and satisfying the “no dc” constraint.

Continuing with the development of the constrained optimization via Eq. (38), we are
again obliged to take derivatives. To facilitate this, let us rewrite Eq. (38) as follows:

m m
L(a) = J(a) +Az D Re[a] +A; > Im[a] (39)
i=1 i=1
where the R and 7 subscripts indicate real and imaginary, respectively.

Taking derivatives with respect to the a,, and using Eq. (30) and Eq. (31), we obtain

oL ol A= R "
3Rea] = aRefa,] **r = | Rellpl + ,ZlRe [a,T,)] - 2g (40)
1=
oL oJ - )
dtmla,] ~ ama] * M= 7| U]+ lem [a,Tipl =] (41)
i=
oL =
o = |~ 2 Relal (42)
i=1
oL 2
or, =& mled (43
We set the above four equations to 0, and express them as follows:
Bg+0 =0, (44)

where:
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[ Rela,] | [Re[T,] .. Re(Ty,] Im[Ty] ... Im[Ty,) -1 0l [Re(U,] ]
Re.[az] Re[T,] .. Re[T,,] Im[Ty] ... Im[Ty,]1 -1 0 Re[U,]
Rela,] Re[T,] ... Re[Tmm]‘Im[Tml] o Im [T, ] 10 Re.[Um]
- -Im[a,] . B -B- Im [Ty} ... -Im[T;] Re[Ty] ... Re[Ty,) 0 -1 = o |-Im{U}}
—Irrf[azl -Im[T,)] ... -Im[T,,] Re[Ty] ... Re[T,,] 0 -1 -Im[U,]
~Im{a,] —Im['Tml] .. Im[T, ] Re([T,,] ... Re[T, 1 O 1 —Im.[Um]
Ag -1 . -l o .. 0 00 0
| M Ll o .. 0 -1 .. -1 0 0] . o |

T and U are defined in Eq. (28). Eq. (44) serves as the basis for implementing a LHN of
2m +2 neurons, with each neurons’s output a real number, but representing the real and imaginary
components as specified by the equation. We note, however, that B s not positive definite, but it
is hermitian [14]. We now have an example of Assumption 2.1.2 in the previous section, and an
augmented LHN may be used to calculate a solution of Eq. (44), e.g., of the form shown in Fig-
ure 5a. Accordingly, the Figure 5a type implementation would have a feedforward layer with
weight matrix W, = aB" , alinear Hopfield layer with W, op = (Im—ocB*B ) , and auto-regres-
sive coefficients given by the first 2m components of the steady-state values of 4.

As an alternative representation, the real and imaginary components in the above vectors and
matrix can be recomposed into complex numbers, yielding m+1 dimensions instead of 2m+2.
Then we could construct an LHN with m+1 complex neurons, each essentially operating sepa-
rately on the real and imaginary parts of their incoming signals.

T1 a

WedeﬁneU:U, T =| . and a, = | _|.
e 0 e 10 [4 _)\'

where the subscript ‘e’ denotes ‘extended,” 1is an m-dimensional column vector of 1s, and a is
the complex-conjugate of the vector a. Each of U, T and a comprise complex numbers. The new
equations are

T,a,+U,=0. (45)

As before we have a situation where the system matrix, in this case T, is hermitian but not posi-

tive definite, and hence an augmented LHN is needed for calculating a solution of Eq. (45).
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4 Inverse Kinematics Application

The second application is a tracking control system for a robot manipulator. For such
manipulators, the control objective is usually to track a prescribed end-effector trajectory, where

the trajectory is typically given in Cartesian coordinates x = [x,, x,, x3]T . Unfortunately, the

control system operates on the joint angles ® = [6,0,, 63]T , and therefore, we are obliged to

compute a corresponding trajectory in ®-space to provide to the controller. Figure 2 illustrates the
relationships between the two coordinate systems for a manipulator with three adjustable joint
angles.

Manipulator kinematics take into account the geometry of robot arm motions (as opposed
to their dynamics). In mathematical terms, the manipulator’s forward kinematics define the map-
ping from joint-angle space to Cartesian space, i.e. from control inputs to end-effector position.
The trajectories in the two reference frames are related by

x() =f(O@0), (46)

where f{) is a set of nonlinear equations (defined by the forward kinematics), x is typically a 3-
dimensional vector and ®(?) is an n-dimensional vector, where n is the number of adjustable joint

angles [5]. If the O(¢) trajectory were given, the forward computation of x(#) would be a straight-
forward task; however, the inverse process of determining ®(¢) from a given x(¢),

O = (x(®), (47)

is substantially more difficult, both because of the numerical complexity of the inversion process
and because the equations may be underdetermined. This is the problem we address.

A common method to facilitate the solution of a nonlinear system of equations along a tra-
jectory is to linearize them about selected operating points, and solve the resulting linear equa-

tions for small excursions from the operating points [5]. Solutions of the inverse kinematics
problem typically use this approach, where a linear mapping from velocities in joint angle space
to velocities in Cartesian space is used as the basis for controlling robot manipulators. Thus the

problem is treated via time derivatives, and we differentiate Eq. (46) to develop the velocity equa-
tion (or differential kinematics)

dx d do
7 = ;@1 =J(©) 5, (48)

where J(®) is the Jacobian matrix of fevaluated at ®. With & = % and 0 = Z—? Eq. (48) takes

the form of Eq. (2) and Eq. (3), respectively:
J(®)o =E. (49)

The desire is to determine (“good”) joint-angle velocities @, given the Cartesian velocities .
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4.1 The Unconstrained Problem

The joint space of a redundant robot manipulator has a higher dimensionality than the Car-
tesian target space. In this case the Jacobian J is not square, and one way to determine a “good”

o = 0 via Eq. (49) is to set up a criterion function, and carry out an optimization process that

will select the best © according to that criterion function [16]. Similar concepts were presented in
[2][6]. Here we define the end-effector’s position error at time ¢,

x, ()= x () —x,(1), (50)

where x(?) is the actual end-effector position and x , (¢) is the desired position. A typical criterion

is to select @ to minimize some measure of the position error. In addition, the designer may also
desire to keep the joint-angle velocities small.

A criterion function that embodies these two desires is

= e+ slol 51

where € is an arbitrary non-zero, positive constant, which determines the ‘importance’ of the cri-
terion “want small ©*. Using Eq. (48), the criterion function becomes

] T . LT
2E = (JO-%,) (JO-£)+c0 O
T . T+ T,
= OGAO-2b" O +x,x,,
where
T T.

A=¢el+]JJ, b=Jx, (52)

and I is the (n x n) identity matrix.

The objective is to minimize the criterion function at a sequence of discrete points along

the specified trajectory x, to yield the ‘best’ ©. Thus the optimization is done at each point

x (), accordingly, physical time 7 is ‘fixed,” and the operations take place in ‘iteration time’ t:
The derivative of E with respect to 1 is

dE(©) 10E(®)d® .  dO
dt T2 59 dt = (A40-b)5.
At the equilibrium this derivative becomes zero. Therefore
~A®+b =0, (53)

which is of the form of Eq. (3) and hence a LHN per Section 2 can apply. Since the scalar ¢ is
greater than zero, 4 is a square, symmetric and positive definite (n x 7) matrix, and we refer to
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Assumption 2.1.1 to design a LHN using Eq. (6) and Eq. (7). Note, the velocity term in Eq. (51) is
necessary to guarantee a well defined optimization problem.

The resulting LHN has a structure as shown in Figure 4, here with weight matrix W and
network input u given by

W=I-0A=I-a@El+])), (54)
u=ob = aJTx':d. (55)

In applications using digital computers the desired position trajectory x, is given as a
finite number of discrete-time points, therefore the desired velocity trajectory x4 in Eq. (55) must
be represented as the numerical time derivative Ax (1) = f [x,(¢+1) —x,(?)], where f| is

the sampling frequency. Using points of this time series as input vectors to the LHN, the final neu-
ron states will represent the joint angle velocities A®(7). The weight matrix of the linear Hopfield

network must be re-specified at all points of the desired trajectory x ;, using Eq. (54) and Eq. (55).

Note that the transformation o.J T.x'td could be implemented with an additional feedforward layer,
giving a network structure similar to Figure 5a. A block diagram of the LHN-based inverse kine-
matics is shown in Figure 6.

X4 Ax, u A® o] © X
—» s —»| aJT—| LHN —ps"'] p Robot |——p

! | LHN measurement
W Design feedback

Figure 6. Block diagram of the inverse kinematics control using the criterion
function approach and discrete-time signal vectors. The term s/ represents a
diagonal matrix with Laplace operators s as elements.

The objective of the optimization process is to minimize end-effector velocity and, to
some degree, joint angle velocities. This formulation, while accomplishing the need of making the
system matrix invertible, never the less, compromises the velocity error. Simulation results

using this criterion function approach are shown in Figure 7. Note the offset of the actual end-
effector trajectory from the desired trajectory.

4.2 The Constrained Problem

An alternative formulation of the inverse kinematics problem is: “Given the desired Carte-

sian trajectory x,, find the minimum velocity joint angles © that minimize the end-effector’s

Page 22




Submitted for Government Review, September 1994

.. L L 1 L 1 " L I 1 | .
o 100 200 300 400 500 600 700 800 800 1000 0 100 200 300 400 500 600 700 800 900 1000}

20 . i ; ; i i : i i j i i \
0 100 200 390 400 300 600 700 800 900 1002 0 ‘0 100 200 300 400 500 600 700 800 900 1000}

b) e)

; ; ; ; i i i i i ] i ; ; i ; s i i
100 200 300 400 500 600 700 800 900 1000 0 100 200 300 400 £00 600 700 800 900 1000

Figure 7. Simulation results for the criterion function approach. a) desired
Cartesian end-effector trajectory, b) desired velocity profile for the end-
effector, c) joint angle trajectory obtained by the LHN. The resulting actual
end-effector trajectory in Cartesian space: d) x;(?), e) x,(?), f) x3(¢). Note the

steady position error, mainly caused by the criterion “small joint angle
velocities”.

tracking error x,(f) = x (#) —x,(¢) (in a least mean square sense)!” This is a constrained opti-
mization problem which can be solved by the iterative process defined by Eq. (23), obtaining the
Moore-Penrose generalized inverse. The so-called ‘generalized-inverse control’ of robot manipu-

lators has been analyzed intensively, see for example [1][13][21]. Here we apply an augmented
linear Hopfield network to the generalized-inverse control of a robot manipulator, as also reported

in[17].

Instead of providing an invertible optimization problem as in Section 4.1, we assume no a
priori information about the Jacobian and use the full generalized inverse method as suggested in

Assumption 2.1.5. We rewrite Eq. (49) as
-J(®)o +& =0, (56)

which is of the form of Eq. (3). Accordingly, the solution to Eq. (50) can be obtained via an aug-
mented LHN with either of the two structures given in Figure 5. We choose a network with the
structure in Figure 5a to implement the process in Eq. (23). The network has weight matrices
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T T
We=al , Wy,=I-aJ J,
where J may be singular (since J is real, the hermitian conjugate operator * is simply a transpose
operator). The input to the augmented LHN (€ in Eq. (56)) is the desired discrete-time Cartesian
velocity at time #, Ax , (#). First the feedforward layer computes the input to the subsequent LHN,
Ax'y = W Axy. The LHN then converges to the ‘best’ joint angle velocities

-1 o . . . . e e
A® = W, op’ Ax', that maintain the desired Cartesian velocity trajectory, thus implicitly invert-

: . . -1 . T
ing the weight matrix, W, . Combined, the two-stage process computes the optimal joint angle

velocities in a least square sense, as stated in Section 2.1. The integrated angle velocities give the

angles required to control the robot manipulator (Figure 9). This procedure is repeated for each
point along the desired Cartesian trajectory.

Recall that the states of Hopfield networks slide towards the bottom of an “energy” well.
In our case, after the network has converged to the minimum, a new weight matrix is specified
and the optimization process is repeated. With a new weight matrix the energy well has “moved,”
and the network may be thought of as “chasing” the minimum of an energy well that moves
according to a desired end-effector path. This method applies in particular when the system matri-
ces (here the Jacobians) are not known a priori, €.g. when the trajectory is designed on-line as in
obstacle avoidance. For real time applications it also requires extremely fast neural-network pro-
cessing. Thus a key requirement is a parallel neural network implementation in hardware. Such a

Neural Network Processor is available to the authors [14][20].

4.3 Implementation of the Manipulator Neurocontrol System

The LHN-based generalized inverse control was tested on an extendable stiff arm manipu-
lator (ESAM), developed by NASA. The ESAM is shown in Figure 8 and has a structure similar
to the one illustrated in Figure 2. Our neurocontrol system for robot manipulators includes two
neural network based control loops (Figure 9): the first loop implements the LHN-based inverse
kinematics process, the second loop includes an adaptive rieural joint controller, which asymptot-
ically minimizes remaining tracking errors to zero, as also reported in [3][4].

In the experiment reported here the desired position and velocity trajectories consisted of
4000 points each. Similar to the velocity profile in Figure 7b, it was desired that the end-effector
start slowly, reach maximum speed at the trajectory midpoint and approach the final position with
decreasing velocity. In order to evaluate the generalized inverse control, a ‘desired’ joint angle
trajectory ®, was constructed (Figure10a) and mapped to the desired Cartesian trajectory X,
using the ESAM forward kinematics (Figure10b). The ®-trajectory computed by the LHN inverse
kinematics was compared with ®; (Figurel0c), note the high accuracy. The end-effector’s joint
angle error ©, is plotted in Figure10d. Note that ®, first increases because joint controller does
not ‘know’ the manipulator characteristics, i.e. the controller is model free. After about six sec-
onds the adaptation process is completed and the neurocontroller asymptotically reduces the
tracking error to almost zero. The entire control system, including a graphical interface, neural
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Figure 8. The 3-joint extendable stiff arm manipulator (ESAM),
developed by NASA. The generalized-inverse control, based on an
augmented linear Hopfield network, was verified on this robot.

networks and control algorithms, was designed and implemented by Accurate Automation Corpo-
ration on a Silicon Graphics computer.

" A& A® ppot
*d d |augmented|A® I § adaptive |Imoror
P o] —P g _ ®,| neuro- |—pw Robot
LHN *{.,s-l 1 ® ~| controller ©/otor
1
1
! | LHN
Whop Wee weights
Inverse Kinematics Loop Joint Control Loop

Figure 9. Block diagram of the neurocontrol system for tracking an end-
effector trajectory. All signals are discrete-time vectors.

5 Conclusions

An enhanced version of the linear Hopfield network, capable of implementing a full Moore-Pen-
rose Generalized Inverse for an arbitrary matrix, has been developed and applied to two on-line
computational problems. In the case of the signal processing problem, structured noise is
observed on-line and used to define the weights of an augmented linear Hopfield network which
adaptively produces the coefficients of an appropriate filter. In the second example, an augmented
linear Hopfield network is used to solve the inverse kinematics problem for a robot arm at each
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Figure 10. Applying the neurocontrol system in Figure 9 to the extendable
stiff arm manipulator (joint angles in radians, time in seconds): a) ‘desired’
joint angle trajectory ©®, as constructed for testing, b) trajectory ©
computed by the LHN-based inverse kinematics, ¢) inverse kinematics error
0, = 0 - 0,, d) actual end-effector error ©,,, performed by the ESAM. The
initially increasing error is minimized by the adaptive neurocontroller.

point along a specified end-effector trajectory. Note, in both examples the power of the linear
Hopfield network lies with the fact that the data which defines the problem is received in real-
time and the weights of the Hopfield network are adapted on-line. Indeed, if the required data was
available a-priori one could compute the generalized inverse off-line and implement it with a sim-
ple feedforward network. For an on-line application, however, the weights of the linear Hopfield
network can be readily updated at each time step and the Hopfield iteration can be efficiently
implemented in parallel if necessary.
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